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1 Introduction

European option prices uniquely determine the risk—neutral probability distribution of the under-
lying asset at maturity. This fundamental result, due to Breeden and Litzenberger [1], implies that
the implied volatility smile observed in the market encodes the full marginal distribution of the
underlying under the pricing measure.

In this note we derive explicitly the risk—neutral density implied by a given implied volatility
smile, focusing on the widely used Stochastic Volatility Inspired (SVI) parameterization [2].

2 Risk—Neutral Density from Option Prices

Let ST denote the underlying price at maturity 7". Under the risk—neutral measure Q, the price of
a European call option with strike K is

C(K,T)=e¢"TE?[(Sr — K)T]. (1)
Breeden and Litzenberger |1] showed that, provided sufficient smoothness,

T 0?C(K,T)

ng(K) = OK?2 ) (2)

where ng is the risk—neutral density of St.

3 Forward Measure and Log—Moneyness

Define the forward price

F = Spelr=aT (3)
and log-moneyness
k=1 K (4)
=log| = |-
Let the total implied variance be
w(k) = U?mpl(Ka T) T (5)



In forward measure, the Black—Scholes call price is

CF(k)=F [N(d+) - ekN(d_)] : (6)
with k )
dy (k) = m + 5\/w(k). (7)
The density in log—-moneyness coordinates is
0?CF (k
ity = ZE . ¥

and the density of St follows from the Jacobian:
Q 1
f5, (K) = 2= fir(log(K/F)). (9)

4 General Density Formula from a Smile

For any twice differentiable total variance function w(k), the log—density admits the closed—form
expression [3]

where primes denote derivatives with respect to k.
Positivity of the bracketed term is equivalent to absence of butterfly arbitrage.

5 SVI Parameterization

The raw SVI parameterization of total implied variance is given by [2]

w(k) :a+b<p(k—m)+\/(k—m)2+a2>, (11)
with parameters

a€R, b>0, |p|<1l, o>0, meR

Define
A=k—m, D =+/A?+ o2

The first and second derivatives are

w' (k) =1b <p + g) , (12)
0_2
w" (k) =b 5 (13)



6 Explicit Risk—Neutral Density

Substituting the SVI derivatives into the general density formula yields

2
1 1 —k 1
Te(k) = mexp D) <w(k) 9 w(k:)) G(k), (14)

where

G(k)zl—qu(p—kg)

) ()t

Finally, the risk—neutral density of the underlying price is
1
fe.(K) = 7 fe(log(K/F)). (16)

7 Conclusion

The implied volatility smile, through its total variance function and derivatives, uniquely determines
the risk—neutral probability distribution of the underlying. In the case of SVI, this relationship is
fully explicit and model—free: the smile itself is the marginal distribution.
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